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Abstract
In hep-th/0409174, Lin, Lunin and Maldacena constructed a set of regular 1/2 BPS geometries in IIB theory. These remarkable ‘bubbling AdS’
geometries have a natural interpretation as duals of chiral primary operators with weight Δ = J in N = 4 super-Yang–Mills theory. Although
these geometries have been assumed to be complete, from a purely supergravity point of view, additional 1/2 BPS configurations may potentially
exist with a preferred null isometry. We explore this possibility and prove that the only additional class of 1/2 BPS solutions with SO(4)× SO(4)
isometry are the familiar IIB pp-waves.
© 2007 Elsevier B.V. Open access under CC BY license.1. Introduction
Motivated by the AdS/CFT correspondence, Lin, Lunin and
Maldacena (LLM) [1] recently explored the space of 1/2 BPS
supergravity solutions dual to chiral primary operators with
weight Δ = J in N = 4 super-Yang–Mills theory. These so-
lutions may be viewed as 1/2 BPS excitations of AdS5 × S5,
and are described in terms of a ‘droplet’ picture. In particu-
lar, all such regular 1/2 BPS supergravity configurations are
completely determined in terms of boundary data (droplets)
specified on a two-dimensional (x1–x2) plane. As befits the
AdS/CFT correspondence, this two-dimensional plane may be
identified with the phase space of free fermions that arise in
the dual description of the corresponding 1/2 BPS states in the
N = 4 gauge theory [2,3].
Although the 1/2 BPS geometries of IIB theory which are
constructed in [1] form a complete set of duals to the Δ = J
chiral primaries, they do not necessarily comprise all 1/2 BPS
solutions of IIB supergravity. For example, the basic super-
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Open access under CC BY license.gravity D3-brane itself is perfectly regular, and smoothly in-
terpolates between AdS5 × S5 and 10-dimensional Minkowski
space. Of course, this full D3-brane geometry does not admit
an SO(4) × SO(4) isometry that is relevant to Δ = J states,
and hence does not fall in the class of ‘Bubbling AdS’ solutions
considered in [1]. Nevertheless, it is still an open possibility
whether there are any additional solutions with SO(4) × SO(4)
isometry that have not yet been identified. (An interesting new
class of ‘bubbling orientifold’ solutions were found in [4]; these
solutions are locally equivalent to the bubbling AdS solutions,
but have global identifications. Since we restrict ourselves to a
local analysis, we do not see this distinction in the solutions be-
low. Nevertheless, a full classification of geometries ought to
take such global issues into account.)
The possibility that there are additional regular 1/2 BPS so-
lutions of IIB supergravity arises from two observations. The
first observation is that the analysis of [1] only takes into ac-
count the metric and self-dual five-form. In principle, one could
expect new solutions to arise that involve the three-forms as
well as the IIB dilaton-axion field. It was shown in [5], however,
that excitations of the dilaton-axion generically lead to 1/4 BPS
rather than 1/2 BPS solutions. Although we have not investi-
gated the possibility of turning on a three-form, their non-trivial
presence would almost certainly also lead to further reduction
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that the space of 1/2 BPS configurations will not be enlarged
by turning on any additional fields.
However there is still the second observation, which is that
the construction of [1] using the invariant tensor approach of
[6–10] only follows the case where the Killing vector Kμ =
¯γ μ formed out of the Killing spinor  is timelike. Here we
recall that the classification and construction of such geome-
tries generally fall into two classes, depending on whether the
Killing vector is timelike or null. In the case of bubbling AdS
geometries [1], the Killing vector Kμ is conjugate to the AdS
energy (corresponding to conformal dimension Δ), so on physi-
cal grounds it ought to be timelike. However, as far as construct-
ing all 1/2 BPS solutions is concerned, one ought to investigate
the null case as well for completeness. In particular, we note
that there are static solutions such as the magnetic string in five
dimensions which fall in the null Killing vector category [8].
In this Letter we complete the search for all 1/2 BPS solu-
tions of IIB supergravity preserving SO(4)×SO(4) isometry by
directly analyzing the null Killing vector case of the invariant
tensor construction. Note that this was also considered in [11].
The result is perhaps not so surprising: the only solutions falling
in this case are the IIB pp-waves with appropriate isometry. We
note that the particular case of the maximally supersymmet-
ric pp-wave [12] is also be obtained in the timelike case when
the phase space configuration is identified with the half filled
plane. Although our initial expectation, based on the analysis
of theories with eight supercharges [6,8], was that the null case
could capture a larger set of either pp-wave or plane-fronted
wave solutions, we found that this in fact does not happen for
IIB solutions with SO(4) × SO(4) isometry. Nevertheless, our
analysis essentially completes the proof that all 1/2 BPS so-
lutions of IIB supergravity with the given isometry are of the
bubbling AdS form [1] (at least up to the remote possibility of
turning on three-form flux without breaking any additional su-
persymmetry).
2. Supersymmetry analysis
As shown in [5], IIB supergravity admits a consistent
bosonic S3 × S3 breathing mode reduction of the form
ds210 = gμν(x) dxμ dxν + eH(x)
(
eG(x) dΩ23 + e−G(x) dΩ˜23
)
,
(2.1)F(5) = F(2) ∧ ω3 + F˜(2) ∧ ω˜3,
which only retains the relevant fields, namely the metric and
self-dual five-form. The resulting four-dimensional Lagrangian
is given by
e−1L= e3H
[
R + 15
2
∂H 2 − 3
2
∂G2 − 1
4
e−3(H+G)F 2μν
(2.2)+ 12e−H coshG
]
.
Although this system is not a consistent supergravity in four
dimensions, it nevertheless has associated with it the reductionof the IIB supersymmetry variations
δψμ =
[
∇μ + i16e
− 32 (H+G)Fνλγ νλγμ
]
,
δχH =
[
γ μ∂μH + e− 12 H
(
ηe−
1
2 G − iη˜γ5e 12 G
)]
,
δχG =
[
γ μ∂μG − i4e
− 32 (H+G)Fμνγ μν
(2.3)+ e− 12 H (ηe− 12 G + iη˜γ5e 12 G)
]
,
where the four-dimensional spinors are Dirac and η = ±1,
η˜ = ±1 are independent signs related to the Killing spinor ori-
entations on the three-spheres.
The usefulness of this consistent reduction approach is that
any solution to the four-dimensional system (2.2) may be lifted
to obtain a IIB solution with the isometry of S3 ×S3. If, in addi-
tion, the solution satisfies the Killing spinor conditions deduced
from (2.3), then the uplifted background is guaranteed to be su-
persymmetric. Working with this system is of course equivalent
to working in the original framework of [1].
The supersymmetry analysis [1,5] proceeds by defining a
complete set of Dirac bilinears
f1 = ¯γ 5, f2 = i¯,
Kμ = ¯γ μ, Lμ = ¯γ μγ 5,
(2.4)Yμν = i¯γμνγ 5,
where  is assumed to be a Killing spinor. By Fierz rearrange-
ment, we may obtain the algebraic identities
(2.5)L2 = −K2 = f 21 + f 22 , K · L = 0.
As Kμ turns out to be a Killing vector with non-positive norm,
solutions fall into two classes, depending on whether Kμ is
timelike or null. The timelike case was thoroughly investigated
in [1]. Hence we only concern ourselves with the null case in
the present analysis.
From (2.5), it is clear that the null Killing vector case
(K2 = 0) corresponds to taking f1 = f2 = 0. Although it is
clear from above that the vector Lμ has zero norm, we can fur-
ther use the δχH = 0 ‘differential’ identities to deduce that it is
in fact vanishing, i.e. Lμ = 0. In this case, the complete set of
differential identities given in Appendix C of [5] collapse into
the equivalent set
ηKμ = ∗Yμν∂νw1, ∗Yμν∂νw2 = 0,
2K[μ∂ν]w1 = η ∗ Yμν,
η˜Kμ = Yμν∂νw2, Yμν∂νw1 = 0, 2K[μ∂ν]w2 = η˜Yμν,
Kμ∂μw1 = Kμ∂μw2 = 0, KμFμν = Kμ ∗ Fμν = 0,
FμνY
μν = Fμν ∗ Yμν = FμλYνλ = 0,
(2.6)∇μKν = ∇μYνλ = 0.
Here we have defined the scalar combinations
(2.7)w1 ≡ e 12 (H+G), w2 ≡ e 12 (H−G).
J.T. Liu, W. Sabra / Physics Letters B 658 (2007) 77–81 792.1. Specialization of the metric
We now note from (2.6) that Kμ is both null and covariantly
constant. This allows us to introduce null coordinates (u, v)
such that
(2.8)Kμ∂μ = ∂
∂v
, Kμ dx
μ = du.
The resulting metric may be written in the form of a pp-wave
ds2 = 2dudv +F du2 + Ω2(dy21 + dy22)
(2.9)= e+e− + eiei,
where
(2.10)e+ = du, e− = dv + 1
2
F du, ei = Ω dyi.
For simplicity, we have chosen the two-dimensional transverse
metric to be conformally flat. Furthermore, both functions F
and ω are independent of v.
We may now use the identities η˜Y = K ∧ dw2 and η ∗ Y =
K ∧ dw1 from (2.6) along with (2.8) to demonstrate that the
two-form Y takes the form
(2.11)Y = (η˜∂iw2) du ∧ dyi = (ηij ∂jw1) du ∧ dyi,
where we recall that the signs η and η˜ are of unit magnitude.
We note that (2.11) implies the Cauchy–Riemann equations for
(w1,w2)
(2.12)∂iw2 = ηη˜ij ∂jw1
(which further ensures that they are harmonic in the y1–y2
plane).
Using ηKμ = ∗Yμν∂νw1 and η˜Kμ = Yμν∂νw2 from (2.6)
now allows us to obtain the conformal factor
(2.13)Ω2 = ∂iw1∂iw1 = ∂iw2∂iw2.
The Cauchy–Riemann equations along with the solution for the
conformal factor allow us to make the observation
(2.14)
Ω2
(
dy21 + dy22
)= (dw1 − ∂uw1 du)2 + (dw2 − ∂uw2 du)2.
As a result, it becomes natural to perform a (u-dependent) co-
ordinate transformation from yi to xi according to
(2.15)x1 = w1(u, y1, y2), x2 = −ηη˜w2(u, y1, y2),
where the sign factors in the x2 transformation are chosen for
later convenience. The result of this transformation is to essen-
tially make use of (w1,w2) as coordinates on the base. This
manipulation parallels the observation presented in [8] that a
preferred set of coordinates may be chosen on the base for the
null case.
The above coordinate transformation allows us to further
specialize the metric (2.9) to the particularly simple form
(2.16)
ds2 = 2dudv +F du2 + (dx1 − a1 du)2 + (dx2 − a2 du)2.
Corresponding to this metric, we have
(2.17)w1 = x1, w2 = −ηη˜x2, Y = −η du ∧ dx2.A note on the choice of signs is now in order. We recall from
(2.7) that both w1 and w2 are non-negative. As a result, (x1, x2)
are restricted to a single quadrant of the plane. We may choose
both x1 and x2 to be positive, in which case the signs must obey
the condition η = −η˜ = ±1. As in [1], this two-fold degener-
acy of signs is important in ensuring that the solution is overall
1/2 BPS and not 1/4 BPS.
Before obtaining the two-form field strength F , we first con-
strain the vector a(u, x1, x2) on the base. Perhaps the most
straightforward way to do so is to enforce the covariant con-
stancy of Y indicated in (2.6). In particular, ∇uYu1 = 0 demon-
strates that a is curl-free
(2.18)ij ∂iaj = 0.
As a result, a may be written as a divergence, a = ∇ϕ. In this
case, a may be removed by a coordinate transformation
(2.19)v → v + ϕ(u, x1, x2),
along with a redefinition
(2.20)F →F − 2∂uϕ − (∂iϕ)2.
The metric is now of a conventional pp-wave form
(2.21)ds2 = 2dudv +F du2 + dx21 + dx22 .
3. Completing the solution
To complete the solution, we now turn to the two-form field
strength F . From KμFμν = Kμ ∗ Fμν = 0 given in (2.6), we
see that F only has components along du∧dxi . However, using
Fμ
λYνλ = 0 along with the explicit form of Y in (2.17), we see
that the du∧dx2 component must vanish. As a result, F may be
written as
(3.1)F = Fu1(u, x1, x2) du ∧ dx1.
In writing the field strength (3.1) and metric (2.21), we have
now exhausted the content of the null case differential identi-
ties (2.6). To guarantee a valid solution, however, we must also
impose the Bianchi identity and equation of motion on F ,
(3.2)dF = 0, d(w−31 w32 ∗ F )= 0.
Using (3.1), these are equivalent to
(3.3)∂2Fu1 = 0, ∂1
(
(x2/x1)
3Fu1
)= 0.
As a result, F is given by
(3.4)F = x31f (u)du ∧ dx1.
For completeness, we note here that the Killing spinor  is of
the form
(u) = exp
(
− i
4
u∫
f (u)du
)
0,
(3.5)γ+0 = 0, γ 10 = 0,
where 0 is a constant spinor.
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nent of the Einstein equation is undetermined by supersymme-
try, and remains to be imposed. In the present case, this equation
has the form
(3.6)(x1x2)−3∂i
(
(x1x2)
3∂iF
)= −f (u)2,
and admits a solution
(3.7)F = − 1
16
(
x21 + x22
)
f (u)2 +F0(u, x1, x2),
where F0 is any solution to the Laplace equation
(3.8)∂i
(
(x1x2)
3∂iF0
)= 0.
The solution is now complete, and is specified by two func-
tions: an arbitrary function f (u), and a harmonic (in x1, x2)
function F0(u, x1, x2). Although we have worked with an ef-
fective four-dimensional description, (2.2), it is instructive to
write down the lifted null solution
ds2 = 2dudv +F du2 + [dx21 + x21 dΩ23 ]+ [dx22 + x22 dΩ˜23 ],
(3.9)F5 = x31f (u)du ∧ dx1 ∧ ω3 + x32f (u)du ∧ dx2 ∧ ω˜3,
where F is given by (3.7) and (3.8). It is now clear that we
have precisely reproduced the IIB pp-wave [12] under the con-
straint of S3 × S3 invariance. The generic pp-wave of this form
preserves 16 of the original 32 supersymmetries, although the
maximally supersymmetric case may be obtained by taking
f (u) = constant and F0 = 0 [12].
We note that the generic IIB pp-wave does not fall into the
LLM bubbling picture of [1], although the latter does allow for
1/2 BPS excitations of plane wave geometries. The most direct
way to see that the pp-wave excitations are distinct is to perform
the change of variables
(3.10)u = t, v = xˆ1, y = x1x2, xˆ2 = 12x
2
1 − x22 ,
on the ten-dimensional metric (3.9). The resulting IIB geometry
then has the LLM form
ds2 = −h−2(dt − h2 dxˆ1)2 + Fˆ dt2 + h2(dxˆ21 + dxˆ22 + dy2)
(3.11)+ y[eG dΩ23 + e−G dΩ˜23 ],
where
(3.12)h−2 = 2y coshG, eG = xˆ2/y +
√
(xˆ2/y)2 + 1,
and
(3.13)Fˆ =
(
1 − 1
16
f (t)2
)
h−2 +F0.
It is now evident that only when Fˆ = 0 (corresponding to the
maximally supersymmetric plane wave) does the above solu-
tion admit a strict LLM interpretation [11]. This furthermore
demonstrates that the bubbling excitations above the plane wave
background (i.e. the half filled xˆ1–xˆ2 plane) fall only into the
timelike Killing vector category. This is the case, even for the
constant energy density excitations, which admit the Killing
vector ∂/∂xˆ1.4. Conclusions
We have thus demonstrated that all 1/2 BPS bubbling AdS
solutions (or, more precisely, IIB solutions with SO(4)×SO(4)
isometry) in the null Killing vector case are of the form of
IIB pp-waves. This null case analysis complements the time-
like case investigated in [1], and essentially completes the study
of 1/2 BPS solutions of IIB supergravity with SO(4) × SO(4)
isometry, at least at the local level [4]. Except for the remote
possibility that three-form flux could be turned on without
breaking any further supersymmetry, we have essentially com-
pleted the proof that all 1/2 BPS solutions of IIB supergravity
with the given isometry are either of bubbling AdS [1] or pp-
wave [12] form.
We note that this analysis of the null Killing vector case
of IIB solutions with SO(4) × SO(4) isometry can also be ex-
tended to the bubbling AdS3 case of minimal six-dimensional
supergravity with T 2 isometry [13,14]. However, this N =
(1,0) theory is very much simpler than IIB supergravity, and
in fact all its supersymmetric vacua have already been clas-
sified [9]. (This is in fact how the bubbling geometries of
[13] were obtained.) Thus there is little to be gained from
working out the null analysis, except perhaps a more ex-
plicit means of writing out solutions in a preferred coordinate
frame.
Although this exhausts the local classification of 1/2 BPS
configurations with SO(4) × SO(4) isometry, the full classifi-
cation remains open once the isometry constraint is relaxed.
As mentioned above, the general parallel D3-brane supergravity
solution is an example of a perfectly regular 1/2 BPS solution
which falls outside of the present classification. It would cer-
tainly be worthwhile, as well as instructive, to obtain a complete
construction of all regular 1/2 BPS solutions of IIB supergrav-
ity. This construction appears highly non-trivial, as without any
underlying isometry assumption, we have all ten dimensions
to consider. In contrast, the use of SO(4) × SO(4) isometry
reduced the problem to one of an effective four-dimensional
system, and the application of the invariant tensor method for
constructing such lower dimensional backgrounds is presently
very well understood. (Even though this four-dimensional trun-
cation is not a consistent supergravity, all that is needed is a
manageable set of Killing spinor conditions, which this system
admits, in order to proceed with the construction.)
While we were initially motivated to seek out novel bubbling
AdS solutions with null isometries, we have ended up focusing
on the classification and potential construction of new 1/2 BPS
solutions regardless of the existence of any gauge theory du-
als. This classification program has been an extremely rich one,
and there are of course a much larger variety of possibilities
than just 1/2 BPS structures [15,16]. In fact, one of our ultimate
aims would be to relax the SO(4)×SO(4) isometry, and thereby
examine backgrounds with fewer supersymmetries. We are es-
pecially interested in 1/8 BPS configurations, as they would
encompass many important systems such as N = 1 flux com-
pactifications and models of black hole microstates, as well as
reduced supersymmetry sectors of the gauge/gravity correspon-
dence.
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